Maths 410 — Homework 11
Due May 12, 2026.
I. Pointwise Convergence of Sequences of Functions

Definition 1. Let A be any set and (X,d) a metric space. For each n € N let
fn: A — X be a function and let f : A — X be a function. We say that (f,)nen
converges pointwise to f, denoted lim,,_, fn(x) = f(x) if:

(x) For all z € A, we have that lim,_, fn(z) = f(z).
Remark Equivalently, in the notation above, lim,_, f.(z) = f(x) if and only if:

(¥") For all x € A and all € > 0 there is some N € N (possibly depending on x)
such that for all n > N we have that f,(z) € B.(f(z)).

We will mainly be interested in the case where A C R and (X,d) is R with the
Euclidean metric.

Question 1 (Warm-up). For each n € N let f,, be the following function:
fn i R—=R

2% + nx
T

n

Prove that (f,)nen converges pointwise to the function:
f:R—=R

T +— .

Question 2 (The pointwise limit of continuous functions need not be continuous).
For each n € N let g,, be the following function:

gn:0,1] = R
x>z

Find a function ¢ : [0,1] — R such that lim, ,. g,(x) = g(z). Deduce that the
pointwise limit of continuous functions need not be continuous.

Question 3 (The pointwise limit of differentiable functions need not be differen-
tiable). For each n € N let h,, be the following function:

gn -1, =R
z s i tEe

1



Show that (h,)nen converges pointwise to the function:
h:[-1,1] - R
x> |x|.
Deduce that the pointwise limit of differentiable functions need not be differentiable.

Question 4 (The pointwise limit of Riemann-integrable functions need not be Riemann-
integrable). Let {ro,r1,...} be a fixed enumeration of Q N[0, 1]. For each n € N let
¢, be the following function:

¢n:[0,1] = R

1 ifze{r,...,r}
T : .
0 otherwise.

Prove that for each n € N the function ¢,, is Riemann-integrable. Consider lim,, ., ¢, ().
Deduce that the pointwise limit of Riemann-integrable functions need not be Riemann-
integrable.

The point of Questions 2-4 is that pointwise convergence of a sequence of functions
does not preserve any of the notions we’ve been discussing so far in this course. Most
of this will be remedied in the next part.

II. Uniform Convergence of Sequences of Functions

Definition 2. Let A be any set and (X,d) a metric space. For each n € N let
fn: A — X be a function and let f : A — X be a function. We say that (f,)nen
converges uniformly to f (for short “f,, — f uniformly”) if:

(1) For all € > 0 there is some N € N such that for all z € A and all n > N we
have that f,(z) € B.(f(z)).

Remark. 1t is immediate from the definitions that if (f,),en converges uniformly
to some function f then it converges pointwise to the same function f. The next
question shows that the converse is not true.

Question 5 (Warm-up). Prove that the sequence (f,)nen from Question 1 does

not converge uniformly to f, on R. Show that the convergence is uniform on any
bounded subset of R.

Question 6 (The uniform limit of continuous functions is continuous). In the
notation of Definition 2, suppose that A = (A, d4) is a metric space and that each
n € N, the function f,, : A — X is continuous at some point a € A. Show that if
fn — f uniformly then f is also continuous at a € A.



Question 7 (Uniform Convergence of Derivatives). Let a < b C R and for each
n € Nlet f, : [a,b] — R be a differentiable function. Let f : [a,b] — R be a function
such that (f,)nen converges pointwise to f. Let g : [a,b] — R and suppose that
fl, — ¢ uniformly. Following the steps given below, show that f is differentiable and
that f' =g.

Main idea. We want to show that for any ¢ € [a, b] the limit
S - fe)

Tr—cC Tr — C

exists and is equal to g(c). To do this, it suffices to show the following:
(1) For all £ > 0 there is some ¢ > 0 such that for all = € [a, b]:
flz) — fle
@ -1 _ .,

r —C

If 0 < |z —c¢| <0 then <e.

Step 1. Show that L:f(c) — g(c)’ can be bounded above by:

f@) = fle)  fal@) = fal0)| | | [n(x) = fule)

r —cC r —cC

+

— Ja(0)| +1fale) = g()l,

for any n € N.

Step 2. Show that for any € > 0 there is some N € N such that for all m,n > N
we have that: . .

[fu(@) = fu(2)] < 5 and | fi(2) —g(0)] < 3
Step 3. For any N € N and any € > 0 show that there is some § > 0 such that for
all x € [a,b]:

<8
3

) )

Step 4. The rest of the proof is dedicated to showing () with the § you found in
Step 3, for the N you found in Step 2. All you need to show is that if 0 < |z —¢| < §

then:
f@) = fle)  fnlx) = fnlo)

r —C Tr —cC

If 0 < |z —¢| <6 then

€
< —.
-3
To do this, apply the Mean Value Theorem to the function f,, — fy (for m > N)
restricted to [x,¢] (or [¢,z]) and then take lim as m — oo.

Remark. For a stronger version of the result you proved in Question 7, consult
Theorem 7.17 from the textbook.



Extra Credit. Prove that the uniform limit of Riemann integrable functions is
Riemann integrable.
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